
This note is mostly based on the appendix of thelecture note of Prof. Mila

S Indistinguishability * Second quantization is a useful language to deal with identical particles
of identicle particles

1) The wave function should be symetric or antisymmetric under the

exchange of two particles :

4(X , Xc) = &@x4(X2
, X , )

4(x1 , x2) = ex2(x2
, x1) = 22222(X-, 42)

So 22a = 1 eix = 11

+1 : boson - 1 : fermion

2) Restriction to the wave function ; Fock space

Denote by [Mxi) 3 a basis of one-particle wave function (4xi(x)

· Boson
# 1P(,@1P(x2)20 ... @IP(XNIN

symmetric wave function III
I

If there are 2 or more equal
2(x

,
.

.

., XN) =

JC &4,>
(1) . - - 4 PXN)

indicies
, then permutations involving

# permutations

those terms are only counted once
It is an interesting mathematical

N !
problem to show that C =

N! N2 ! ... Nr!
e

.g. 3 particles using 4, twice
* e.g.

two particles
&4 once :

14) = 5) (10/2 + 120/X,x)

4
,
(x1) 4

, (x2)42(X3) + 4. (x134
, 13) 42(x2)

· Fermion

+ 4, (x)4
, (x3)4

.
[x1 >

Slater determinant :

4(x)4(x2) .. - 4x (N)Xi XI

I
E(x

, .... Xx) =

J
4 () 4xxx .. - 4) = HPE, 10 ...X2

: ! : ④(xx]
4wits 4wix2) .. - 4 IXN

* e.g.

two particles
14) = 5) (10/2 - 12p@(ix) or 14) =5)-(i, @ (22 + 12),

@ (12)

It is worthwhile to point out that State Det can pick up a menus

sign ,
so once the order of the quantum status X..

"

, XM is set at the
-

beginning ,
we shall never change it from later on.



· For system of identicle particles ,
it suffices to only specify how

many particles
there are on each level (eigenstate) :

1* > = 1 Ni
,

N2, . . . . NM]
I

X . X2
,

..., XM

As long as ENi3 is fixed,
there is no more room to play around.

* For fermionic systems,
Ni = 0 .

1. If two fermions are at the same level
,

the

Slater determinant immediately becomes O

All possible (N. ..., NM) span a huge Hilbert space
called Fock space.

Harmonic oscillator (As the inspiration for introducing creation and annihilation operator (

coptional ( (See the last >

& Creation and destruction Given a single particle basis <(i)) , we construct the basis of Fock space as

operators in Fock space IN ,
N2 ,

. . ., NM]

Let's define creation and destruction operator by explicitly write down the matrex

elements :

* For fermions ,
the addition < N, , .

.

., Ni + 1
, ...,Nm/Git (N, ,

.
. ., Ni

, .., Nu >= With

should be understood as modulo 2 S <Ni,

,
.

. ., Ni, ..., NM1 Gi(N
,

- -

., Nit1
, ... , Nu >= J]

1 + 1 = 0 mod 2

O otherwise
1 + 0 = 1 mod 2

0 + 0 = 0 mod I Equivalently,
Gi+ 1 ..., Ni . . . . > =J 1 . . , Nit1

,
... > creation

Ail ...
, Ni ,

... > = J/ . . .

, Ni-1
,

. . . > destruction



① Commutation relation boson

Different levels itj

Ciaj) .... Ni, . . .

, Nj - - - > = JNiNy 1 .

... Nick ..., Ni +, ... >

E ajai 1 ..., Ni. . . .

, Nj, . . . > = JeNy) ...

, Niel ,
...

,Nit ,

... >

[Gi , ajj = 0

Giajt) ..., Nic ...

, Njj . . . > =Jy+1) 1 - -
-

>
Nirl

. ..., My t ,
. .

.>

S left hi same

Tai , Cytj = 0

Same level i

SiCeit 1 . . .

, Ni, . . . ) = (Ne + 1) ( .
.

.

, Ne, ...

ait sil .... Ne
,

... > = Nil - --

,
Ni, ... >E

Thi , ait] = 1

In short
,

[ai , Cj7 = [Git
, Cy

+ T =

[hi
, cijt] = dij

② Anticommutation fernion
The situation for fermions is a bit more complicated.

For simplicity,
let's consider only 2 levels.

First note that

+ 10 . 07 = 11
, 07 = 14), Cic = cat = 0

N1 = 0 or 1



What is the wavefunction after we pet another fermion at X2
I

i. e . what is Cetc + 10, 071

Two options E
& ((X> /22 - 1x@(XIT) For bosons , only one possibility :

or

↓ ((x2) Mix - (2012 *)
& ((>

, (2) + 112),
( >2)

Let's choose the first one as the fixed rule of adding fermions :

C, +10
, 0) = 11 , 07 = 1,

Cet C+ 10, 07 = 11 , 1) = je ((> Ke* - (Y (2)

Then
,

what is CC+ 10 , 07 ?

22+ 10
, 03 1x2]

CitCa+ 10, 03 # (1x>, 1x - (i
,
(2) =

= 11
,
1) !

Therefore ,
Citat = -GtGT

,
or [Ct, City = 0 anticommutation !

CCt + atc ?

< (CC + + atc, lo = <1/cc+ + 11) = 1

</Cct + cic11x = <1/c+ + Ciclox = 0

[G , City = 1

Cit + Catc
,

?

CGt 11
,
07 = CCC+ 10, 07 = - CGta10

, 07 = - (1-c+G((10, 07 = - 2+ 10. 0x

Catc, 12 , 0) = C GG + 10, 07 = Cct(1-Ci+c) 10, 0 > = G + 10, 0 >

[C , c + y = 0

In short
, <Gi, (j) = [Ct, Cyty = 0

[C , g
+ z = Beij



* Change of basis

Elex 3 ->13
clos = 12) = u>=Equal

=>= &=

·
↳Q---Fix - -- In more precisely

1Physical operators in
. One-body operators F= Ifi i denotes each particle

second quantization
Let's

supposeF is diagonalised by hkxj] : F = Ejk<11 ,
then we

fend that <Ni
,

. . .

. Nil F2 /N,
. . .

. Nm >= <Ni
,

.
. -

, Nile - - - Fix - -ANN.
...

,Nu>

* First quantization
in the basis of [1x33 = NjXj <Ni

, .... NulNi ... N

#(1) :

O = N ..NXjNN-N

8

IN
=> F=jj

=zij
Second quantization By changing to a general bases [M3 ,

we obtain

Ex T
70

2N+ 1
Fruit

O q

In
V

· One can also derive the expression for two-body operators (with some more
O

HN- tedious calculations) :
·

E =E urifhir's Guarana,as



Harmonic oscillator H = * (X* + p
<

)
.

[X , PJ = : (set t =1)

Another
way to introduce · Define S

a = = j(X + iP)

E
X = =(a+ at )

creation & destruction operators
at := j(X- iP) P = (a - at )

and the commutation relation followed is then

[a ,
at j = E [XtiP

, X-iP] = &(- i[X, P> + =[P, x]) = 1
.

Besides
,

we can also check that

ata = t(X- iP(X + iP) = E(X*+ P2 + i[X, P]) =((x*+ pa- 1)

Therefore , we can rewrite the Hamiltonian as

H = t (a+2 + 2)

· The structure of the Hilbert space
Let's define an Hermitian operator N := Sta

,
and write its eigenfunc-

tion as N(r = r(>

We can have the following observations :

1)8z0
,

since

~ = cIN/r >= llaIIt =0

2) if U = 0
,

then llair>=0 => alo = 0

3) Let's calculate

Nalos = ataal) = 1-ta, aty + aat (alr>

= alr > + actalo) = 10 -1 alr >

u

Hence , alr> is also an eigenstate
with theeigenvalue U-1.

r can only be integer
From now on , we write it asn



Similarly ,
we can also find that atlu > is also an eigenstate of

N
, with the eigenvalue n + 1

:

Finally , let's determine the coefficientIn
In+ 17

a
In

at aln >= Criln-17

: E at1n> = Cu+ (n+1)
↑

107
1Cnl = CulaatIn) = (n)(ata + 1)(n> = n+1

=> Cn+= Ju
, similarly (n+= Ju

In conclusion, E
atin> = Jin+

,
and we can generate all the

a In >= JnIn-1)

basis by In>= late 10)


